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a b s t r a c t
In this research paper using the Chebyshev expansion, we explicitly determine the best
uniform polynomial approximation out of Pqn (the space of polynomials of degree at most
qn) to a class of rational functions of the form 1/(Tq(a)± Tq(x)) on [−1, 1], where Tq(x) is
the first kind of Chebyshev polynomial of degree q and a2 > 1. In this way we give some
new theorems about the best approximation of this class of rational functions. Furthermore
we obtain the alternating set of this class of functions.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Best polynomial approximation problem is one of the most important and applicable subjects in the approximation
theory. It holds particular importance for topics such as partial differential equations, differential equations, integral
equations, integro-differential equations etc. This problem is defined in the following:
Definition 1 ([1]). For given f ∈ C[d, e], there exists a unique polynomial p∗n ∈ Pn such that:∥∥f − p∗n∥∥m ≤ ‖f − p‖m , ∀p ∈ Pn, (1.1)
we call p∗n the best Lm polynomial approximation out of Pn to f on [d, e]. Also for the case L∞ (uniform norm) we have:
En(f ; [d, e]) = max
d≤x≤e
∣∣f (x)− p∗n(x)∣∣ ≤ maxd≤x≤e |f (x)− p(x)| , ∀p ∈ Pn, (1.2)
and in this case p∗n is called the best uniform polynomial approximation to f on [d, e].
The main issues considered in the standard text of this problem are existence, uniqueness and characterization of the
solution. The existence and uniqueness of the solution of the best Lm approximation problem for f ∈ C[d, e], are studied
in [1].
In another way, there are theorems to characterize the solution of the best Lm approximation. These theorems
characterize the solution for the Lm (1 ≤ m < ∞) norm explicitly in the general case (for all smooth functions) [2].
But for the L∞ norm (uniform norm) the characterization theorem (the Chebyshev alternation theorem [3]) does not
provide the solution of the best uniform polynomial approximation explicitly. Therefore researchers in this field obtain
the characterization of the best uniform polynomial approximation for special classes of functions. Furthermore a lot of
these researches were focused on classes of functions possessing a certain expansion by Chebyshev polynomials. Some of
these researches are cited in Table 1:
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Table 1
Best uniform approximation.
Class of functions Reference
1
(x−a) ; a > 1 [4]
1
(1+(ax)2) [5]
1
(a2±x2) ; a2 > 1 [6]
Furthermore Newman and Rivlin [7] proved that if f is of the form:
f (x) =
∞∑
k=0
akTk(x), (1.3)
where ak are positive, increasing and satisfy ak ≤ ak−1ak+1, k ≥ 1, then we have:
En(f ) ≤
∞∑
k=n+1
ak ≤ 4eEn(f ). (1.4)
Bernstein [8] showed that if f (x) is a continuous function of period 2pi with the Fourier series
f (x) =
∞∑
k=0
ak cos nkx, (1.5)
subject to the conditions that ak > 0 and
nk+1
nk
= 2pk + 1, where pk is a positive integer, then we have:
En(f ) =
∞∑
k=n+1
ak, (1.6)
where (nj ≤ n ≤ nj + 1).
In the current paper using the Chebyshev expansionwe obtain the best uniformpolynomial out of Pqn to a class of rational
functions of the form 1/(Tq(a)±Tq(x)) on [−1, 1]. In the followingwe give some relevant definitions, theorems and lemmas.
First we state characterization of the best uniform polynomial approximation out of Pn via the following theorem:
Theorem 1 (Chebyshev Alternation Theorem). Suppose f ∈ C[d, e], and ε(x) = f (x) − pn(x). Then pn is the best uniform
approximation p∗n to f on [d, e] if and only if there exist at least n + 2 points x1 < x2 < · · · < xn+2 in [d, e], for which|ε(xi)| = maxd≤x≤e |f (x)− pn(x)|, with ε(xi+1) = −ε(xi).
Proof. See [3]. 
Definition 2. The Chebyshev polynomial in [−1, 1] of degree n is denoted by Tn and is defined by Tn(x) = cos(nθ), where
x = cos(θ).
Note that Tn(x) is [9] a polynomial of degree n with leading coefficient 2n−1. In this paper T (k)n (x) is used to denote the kˆth
derivative of Tn(x). Furthermore the Chebyshev polynomials satisfy in the following relation [10]:
1. T0(x) = 1; T1(x) = x; Tn(x) = 2xTn−1(x)− Tn−2(x), n = 2, 3, . . . . (1.7)
2. T (k)n (1) =
n2(n2 − 12)(n2 − 22) . . . (n2 − (k− 1)2)
1× 3× 5 · · · × (2k− 1) ; k ≥ 1. (1.8)
3. Tn(−x) = (−1)nTn(x); n ≥ 0. (1.9)
Beforewe start to determine the best uniformapproximation polynomial to 1/(Tq(a)−Tq(x))weprove the following lemmas
as these are needed in the next section:
Lemma 1. For x ≥ 1 we have:
T (k)n (x) > 0; k = 0, 1, . . . , n. (1.10)
Proof. One can use Role’s Theorem and (1.8) to prove this Lemma. 
Lemma 2. For q > 0 (q is an integer number) we have:
T 2q (x) > 1⇔ x2 > 1. (1.11)
Proof. Firstwe prove that f (x) = T 2q (x) is strictly increasing for x > 1. For this purposewemust show f ′(x) = 2T ′q(x)Tq(x) >
0 for x > 1. However this can be obtained using Lemma 1. Now because f (x) is a strictly increasing function we have x > 1
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if and only if f (x) > f (1). Therefore we obtain
T 2q (x) > T
2
q (1) = 1⇔ x > 1. (1.12)
Now if we change the variable x→−x in (1.12) and use (1.9) then we have:
T 2q (−x) = T 2q (x) > 1⇔ x < −1. (1.13)
Finally using (1.12) and (1.13) this lemma can be proved. 
Lemma 3. For x = cos(θ), |t| < 1 and p (natural number) we have:
(a)
∞∑
j=0
tp jTp j(x) = 1− t
p cos(pθ)
1+ t2p − 2tp cos(pθ) , (1.14)
(b)
n−1∑
j=0
tp jTp j(x) = 1− t
p cos(pθ)− tpn cos(pnθ)+ tpn+p cos(pnθ) cos(pθ)+ tpn+p sin(pnθ) sin(pθ)
1+ t2p − 2tp cos(pθ) . (1.15)
Proof. The proof of this lemma can be easily obtained by noting einθ = cos(nθ)+ i sin(nθ). 
Lemma 4. For x ∈ [−1, 1], q > 0 (q is integer number) and a2 > 1 we have:
1
(Tq(a)− Tq(x)) =
2tq
(t2q − 1) −
4tq
(t2q − 1)
∞∑
k=0
tqkTqk(x), (1.16)
where t satisfies:
t =
(
Tq(a)−
√
T 2q (a)− 1
)1/q
. (1.17)
Proof. It is easy to show that in (1.17) we have |t| < 1. Now using (1.14) the proof of this lemma is simple. Also according
to Lemma 1, T 2q (a) > 1⇔ a2 > 1. Therefore by using this lemma we must select a such as a2 > 1. 
2. Best approximation of 1/(Tq(a)− Tq(x))
In this section using the theorems and lemmas given in the previous section we determine the best uniform polynomial
approximation out of Pqn to 1/(Tq(a)− Tq(x)) on [−1, 1]. This is the main part of the current research.
Theorem 2. The best uniform polynomial approximation out of Pqn to f (x) = 1/(Tq(a)− Tq(x)) on [−1, 1] when a2 > 1 is
p∗qn(x) =
2tq
t2q − 1 −
4tq
t2q − 1
n−1∑
k=0
tqkTqk(x)+ 4t
qn+q
(t2q − 1)2 Tqn(x), (2.1)
and
Eqn(f ; [−1, 1]) =
∥∥f − p∗qn∥∥∞ = 4tqn+2q(t2q − 1)2 , (2.2)
where
t =
(
Tq(a)−
√
T 2q (a)− 1
)1/q
. (2.3)
Proof. Theorem 1 says if wewant to prove that p∗qn in (2.1) is the best uniform approximation out of Pqn to 1/(Tq(a)−Tq(x)),
then we must show that:
eqn(x) = 1
(Tq(a)− Tq(x)) − p
∗
qn(x), (2.4)
has qn+ 2 alternating points in [−1, 1]. Noting (1.16) and (2.1) we have:
eqn(x) = − 4t
q
t2q − 1
∞∑
k=n
tqkTqk(x)− 4t
qn+q
(t2q − 1)2 Tqn(x). (2.5)
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But from Lemma 1 we obtain:
∞∑
k=n
tqkTqk(x) = t
qn cos(qnθ)− tqn+q(cos(qnθ) cos(qθ)+ sin(qnθ) sin(qθ))
1+ t2q − 2tq cos(qθ) . (2.6)
Combining (2.5) and (2.6) yields:
eqn(x) = − 4t
q
t2q − 1
{
tqn
cos(qnθ)− tq(cos(qnθ) cos(qθ)+ sin(qnθ) sin(qθ))
2tq(Tq(a)− Tq(x))
}
− 4t
qn+q
(t2q − 1)2 Tqn(x). (2.7)
Simplifying (2.7) gives:
eqn(x) = − 4t
q+qn
(t2q − 1)2
{
(1− tq cos(qθ))(t2q − 1) cos(qnθ)+ tq(t2q − 1) sin(qθ) sin(qnθ)
2tq(Tq(a)− Tq(x))
+ 2t
q(Tq(a)− Tq(x)) cos(qnθ)
2tq(Tq(a)− Tq(x))
}
= − 2t
qn
(t2q − 1)2
{
(1− tq cos(qθ))(t2q − 1)+ 2tq(Tq(a)− Tq(x))
(Tq(a)− Tq(x)) cos(qnθ)
− t
q(t2q − 1) sin(qθ)
(Tq(a)− Tq(x)) sin(qnθ)
}
= − 4t
qn+2q
(t2q − 1)2
 (1− Tq(a)Tq(x))(Tq(a)− Tq(x)) cos(qnθ)−
√
T 2q (a)− 1
√
1− T 2q (x)
(Tq(a)− Tq(x)) sin(qnθ)
 . (2.8)
Now if we define:
G1,q(x) := (1− Tq(a)Tq(x))
(Tq(a)− Tq(x)) ; x ∈ [−1, 1], (2.9)
and
G2,q(x) :=
√
T 2q (a)− 1
√
1− T 2q (x)
(Tq(a)− Tq(x)) ; x ∈ [−1, 1]. (2.10)
Then we can write:
G21,q(x)+ G22,q(x) = 1; x ∈ [−1, 1]. (2.11)
It is easy to show that for x ∈ [−1, 1]we have:
− 1 ≤ G1,q(x) ≤ 1. (2.12)
(2.11)–(2.12) result that for every x ∈ (−1, 1), there exists a ηx,q ∈ (0, pi), such that:
cos(ηx,q) = G1,q(x) = (1− Tq(a)Tq(x))
(Tq(a)− Tq(x)) . (2.13)
Therefore noting (2.13) yields:
sin(ηx,q) = G2,q(x) =
√
T 2q (a)− 1
√
1− T 2q (x)
(Tq(a)− Tq(x)) . (2.14)
Replacing (2.13) and (2.14) in (2.8) we obtain (ηx = ηx,q):
eqn(x) = − 4t
qn+2q
(t2q − 1)2 {cos(ηx) cos(qnθ)− sin(ηx) sin(qnθ)} = −
4tqn+2q
(t2q − 1)2 cos(qnθ + ηx). (2.15)
Furthermore noting the form of the derivative of G1,q(x):
G′1,q(x) = −
T ′q(x)(T 2q (a)− 1)
(Tq(a)− Tq(x))2 . (2.16)
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when q is an even number we have:
G′1,q(x)

>0 x ∈
q/2⋃
i=1
(
cos
(
(2i)pi
q
)
, cos
(
(2i− 1)pi
q
))⋃
{−1} ,
=0 x = cos
(
ipi
q
)
, i = 1, 2, . . . , q− 1,
<0 x ∈
(q−2)/2⋃
i=0
(
cos
(
(2i+ 1)pi
q
)
, cos
(
2ipi
q
))⋃
{1} ,
(2.17)
and when q is an odd number we can write:
G′1,q(x)

<0 x ∈
(q−1)/2⋃
i=0
(
cos
(
(2i+ 1)pi
q
)
, cos
(
2ipi
q
))⋃
{1,−1} ,
=0 x = cos
(
ipi
q
)
, i = 1, 2, . . . , q− 1,
>0 x ∈
(q−1)/2⋃
i=1
(
cos
(
(2i)pi
q
)
, cos
(
(2i− 1)pi
q
))
.
(2.18)
Now suppose q is an even number, if x varies from−1 to cos(q− 1)pi/q, then θ varies from pi to (q− 1)pi/q, ηx varies from
pi to 0 and cos(qnθ+ηx) varies from cos(qn+1)pi to cos(q−1)npi . But when x varies from cos(q−1)pi/q to cos(q−2)pi/q,
then θ varies from (q − 1)pi/q to (q − 2)pi/q, ηx varies from 0 to −pi and cos(qnθ + ηx) varies from cos((q − 1)n)pi to
cos((q− 2)n− 1)pi . If we continue this process when x varies from cospi/q to cos 0, then θ varies from pi/q to 0, ηx varies
from 0 to−pi and cos(qnθ + ηx) varies from cos(npi) to cos(−pi). Hence when x varies from−1 to 1, cos(qnθ + ηx) varies
from cos(qn+1)pi to cos(−pi) and consequently, cos(qnθ +ηx) possesses at least qn+2 extremal points, where it assumes
alternately the values±1. Using a similar approach one can prove it for odd q. Therefore noting Theorem 1, p∗qn(x) is the best
approximation out of Pqn and
Eqn(f ; [−1, 1]) =
∥∥f − p∗qn∥∥∞ = 4tqn+2q(t2q − 1)2 .  (2.19)
For example [1,4] studied the best uniform polynomial approximation out of Pn to a class of rational function 1/(x − a)
where a > 1 and the best uniform approximation out of Pn is obtained in the following form:
p∗n(x) = −
2t
t2 − 1 +
4t
t2 − 1
n−1∑
k=0
tkTk(x)+ 4t
n+1
(t2 − 1)2 Tn(x), (2.20)
where
t = a−
√
a2 − 1. (2.21)
Note that this problem is a special case of Theorem 2 for q = 1.
Furthermore in [5] the best uniform polynomial approximation out of P2n to 1/(a2 − x2)where a2 > 1 is obtained as:
p∗2n(x) =
4t2
t4 − 1 −
8t2
t4 − 1
n−1∑
k=0
t2kT2k(x)+ 8t
2n+2
(t4 − 1)2 T2n(x), (2.22)
where
t = a−
√
a2 − 1. (2.23)
Again note that this case is a special case of Theorem 2 for q = 2.
Corollary 1. The zeros of the(
T ′qn(x)
√
1− x2
) (
1− Tq(a)Tq(x)
)+ qnTqn(x) (√T 2q (a)− 1√1− T 2q (x)) , (2.24)
are the alternative points of 1/(Tq(a)− Tq(x)).
Proof. As we saw in Theorem 2 the alternative points of 1/(Tq(a)− Tq(x)) are the extremal points of cos(qnθ + ηx)where
x = cos(θ) and cos(ηx) = (1−Tq(a)Tq(x))(Tq(a)−Tq(x)) . In other words for every extremal of cos(qnθ + ηx) we have sin(qnθ + ηx) = 0.
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Therefore
0 = sin(qnθ + ηx) =
(T ′qn(x) sin(θ)
qn
)(
(1− Tq(a)Tq(x))
(Tq(a)− Tq(x))
)
+ Tqn(x)

√
T 2q (a)− 1
√
1− T 2q (x)
(Tq(a)− Tq(x))

=
(
T ′qn(x)
√
1− x2
) (
1− Tq(a)Tq(x)
)+ qnTqn(x) (√T 2q (a)− 1√1− T 2q (x)) . (2.25)
Hence the roots of
(
T ′qn(x)
√
1− x2
) (
1− Tq(a)Tq(x)
) + qnTqn(x) (√T 2q (a)− 1√1− T 2q (x)) are the alternating points of
1/(Tq(a)− Tq(x)).
It is obvious that−1 and+1 are zeros of (2.24). 
3. Best approximation of 1/(Tq(a)+ Tq(x))
In this section we obtain the best uniform polynomial approximation out of Pqn to 1/(Tq(a) + Tq(x)) on [−1, 1] when
a2 > 1. Let us first present the following lemma. Then we use it to characterize the best uniform approximation to
1/(Tq(a)+ Tq(x)).
Lemma 5. Suppose x ∈ [−1, 1] and q > 0 (q is an integer number), then we have:
1
(Tq(a)+ Tq(x)) =
2tq
(t2q − 1) −
4tq
(t2q − 1)
∞∑
k=0
(−1)ktqkTqk(x), (3.1)
where t satisfies:
t =
(
Tq(a)−
√
T 2q (a)− 1
)1/q
. (3.2)
Proof. The proof is similar to Lemma 4. Thus we omit it. 
Theorem 3. The best uniform polynomial approximation out of Pqn to f (x) = 1/(Tq(a)+ Tq(x)) on [−1, 1], is
p∗qn(x) =
2tq
t2q − 1 −
4tq
t2q − 1
n−1∑
k=0
(−1)ktqkTqk(x)+ 4(−1)
ntqn+q
(t2q − 1)2 Tqn(x), (3.3)
and
Eqn(f ; [−1, 1]) =
∥∥f − p∗qn∥∥∞ = 4tqn+2q(t2q − 1)2 , (3.4)
where
t =
(
Tq(a)−
√
T 2q (a)− 1
)1/q
. (3.5)
Proof. This theorem can be proved in a similar way as for Theorem 2. 
Note that the alternating set of this class is obtained using a similar method to that for Corollary 1.
Remark 1. [5] considered a class of the form 1/(a2 + x2) and found the best uniform polynomial approximation out of P2n
to this class. It is worth pointing out that this class is not a subset of the studied class in this paper and Theorems 2 and 3
cannot be used to find the best uniform polynomial approximation for this class.
If we deeply review the reference [5] we can conclude that authors found a polynomial of degree 2n which approaches
uniformly to the Runge example [3]. Note that this is not true for Lagrange interpolation polynomial of degree 2n.
Remark 2. [1,4] considered only a class of the form 1/(x− a) and found the best uniform polynomial approximation out of
Pn to this class (Theorem 2 for q = 1). Note that Theorem 3 for q = 1 presents the best uniform polynomial approximation
out of Pn to 1/(x+ a) on [−1, 1] (See Example 1).
Remark 3. According to Jackson’s theorem [1] for f ∈ C[d, e]we have:
En(f ; [d, e]) ≤ 6ω
(
e− d
2n
)
, (3.6)
388 M. Dehghan, M.R. Eslahchi / Computers and Mathematics with Applications 59 (2010) 382–390
0.5
0.45
0.4
0.35
0.3
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
Fig. 1. The best approximation of 1/(x+ 3).
where ω is the modulus of continuity f (x) on [d, e]. Furthermore it is proved [1] that f ∈ C[d, e] satisfies in Lipschitz
condition of order α, (f ∈ lipαK ) i.e:
|f (x)− f (y)| < K |x− y|α ; x, y ∈ [d, e], (3.7)
if and only if ω(δ) ≤ Kδα . On the other hand it is not difficult to prove that f (x) = 1/(Tq(a)± Tq(x))when a2 > 1, we have:
|f (x)− f (y)| < K |x− y| ; x, y ∈ [−1, 1], (3.8)
where K is constant. In other words f ∈ lip1K . Noting the above results we have:
Eqn(f ; [−1, 1]) ≤ 6ω
(
1
qn
)
≤ 6K
qn
, (3.9)
and consequently f approaches uniformly to p∗qn or:
lim
n→∞ Eqn(f ; [−1, 1]) = 0. (3.10)
But considering (3.4) with condition |t| < 1, we can directly demonstrate that (3.10) is true.
4. Examples
In this section we present some examples to illustrate the results of this paper.
Example 1. Suppose we want to find the best uniform polynomial approximation out of P4 to
1
(x+ 3) ; x ∈ [−1, 1]. (4.1)
For this purpose it is sufficient we put in Theorem 3, q = 1, a = 3 and n = 4. Therefore we have t = 3− 2√2 and
p∗4(x) =
(3− 2√2)
(8− 6√2) −
(3− 2√2)
(4− 3√2)
3∑
k=0
(−1)k(3− 2√2)kTk(x)+ (3363− 2378
√
2)
(136− 96√2) T4(x), (4.2)
where Tk(x) for x ∈ [−1, 1] satisfies in the recurrence relation (1.7). In Fig. 1 we have drawn the function 1/(x + 3). Also
the dashed points show the best uniform polynomial approximation of degree 4 to 1/(x+ 3) on [−1, 1].
Example 2. Consider
f (x) = 1
25− x2 ; x ∈ [−1, 1]. (4.3)
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Fig. 2. The best approximation of 1/(25− x2).
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Fig. 3. The best approximation of 1/(−8x4 + 8x2 + 96).
Noting Theorem 2 the best approximation polynomial out of P2n to 1/(25− x2) on [−1, 1] is of the form:
p2n(x) = −49+ 20
√
6
10(−120+ 49√6) +
−49+ 20√6
5(−120+ 49√6)
n−1∑
k=0
(
5− 2√6
)2k
T2k(x)
+ (−49+ 20
√
6)(5− 2√6)2n
1200(−4801+ 1960√6) T2n(x). (4.4)
The function 1/(25 − x2) is graphed in Fig. 2 and the best uniform polynomial approximation of degree 6 (n = 3) to
1/(25− x2) on [−1, 1] is demonstrated by the dashed points.
Example 3. In this example we study the best uniform approximation of
1
−8x4 + 8x2 + 96 ; x ∈ [−1, 1]. (4.5)
Noting the relation T4(2)− T4(x) = −8x4 + 8x2 + 96 and Theorem 2 we have:
t =
(
97−√9408
)1/4
, (4.6)
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and
p4n(x) = 2t
4
(t8 − 1) −
4t4
(t8 − 1)
n−1∑
k=0
t4kT4k(x)+ 4t
4n+4
(t8 − 1)2 T4n(x). (4.7)
In Fig. 3, both the function and its best uniform polynomial approximation of degree 16 (the dashed points) to 1/(−8x4 +
8x2 + 96) on [−1, 1] are shown (n = 4 in Eq. (4.7)).
5. Conclusion and future work
In this work we used the Chebyshev expansion properties and obtained explicitly the best uniform polynomial
approximation out of Pqn to a class of rational functions of the form 1/(Tq(a) ± Tq(x)) where a2 > 1 and x ∈ [−1, 1].
In this way we presented some new theorems about the best approximation of this class of rational functions. Furthermore
we obtained the alternating set of the mentioned class. One topic for future work is the use of other kinds of Chebyshev
polynomials (second, third and fourth kinds) instead of the first kind of Chebyshev polynomial to obtain the best uniform
approximation of a new class of functions.
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